
MATH 115 — FINAL EXAM

December 15, 2003

NAME:

INSTRUCTOR: SECTION NO:

1. Do not open this exam until you are told to begin.

2. This exam has 11 pages including this cover. There are 11 questions.

3. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you turn in the exam.

4. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

5. Show an appropriate amount of work for each exercise so that the graders can see not only the answer
but also how you obtained it. Include units in your answers where appropriate.

6. You may use your calculator. You are also allowed 2 sides of a 3 by 5 notecard.

7. If you use graphs or tables to obtain an answer, be certain to provide an explanation and sketch of
the graph to make clear how you arrived at your solution.

8. Please turn off all cell phones.

PROBLEM POINTS SCORE

1 15

2 12

3 9

4 9

5 5

6 8

7 8

8 10

9 8

10 11

11 5

TOTAL 100
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(1.) (15 points) Let g be a differentiable function. Find formulas for the derivatives of the each of the
following. [Your derivative formulas may contain g and/or g′.]

(a) m(x) = sin(x) · g(x)

m′(x) =

(b) t(x) = sin(x)
g(x)

t′(x) =

(c) p(x) = sin(a · g(x)), where a is a constant

p′(x) =

(d) k(x) = sin2(g(x))

k′(x) =

(e) f(x) = sin(g(x2))

f ′(x) =
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(2.) (12 points) Given the following:

• f is an even function such that
∫ 1

0
f(x) dx = 5,

• g is an odd function such that
∫ 1

0
g(x) dx = 7.

Compute the following definite integrals. If you do not have enough information for a given
computation, write “not enough information.”

(a)
∫ 1

0
(f(x)− g(x)) dx =

(b)
∫ 1

0
3g(x) dx =

(c)
∫ 1

0
f(x) · g(x) dx =

(d)
∫ 4

3
f(x− 3) dx =

(e)
∫ 1

−1
(f(x) + g(x)) dx =

(f)
∫ 1

0
f(g(x)) dx =
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(3.) (9 points) A large tank is being filled with water. The flow rate of water into the tank, in units
of gallons per hour, is given by

r(t) = 70 + 10 cos
(

πt

2

)
,

where t is measured in hours.

(a) Sketch an accurate graph of r(t) on the following axes.

70

80

60

1 2 3 4 t (hours)

r(t) (gallons per hour)

(b) Use a definite integral to express the area under the graph of r(t) between the vertical lines
t = 0 and t = 3.

(c) What is the practical meaning of integral in part (b)? Be sure to include units in your
answer.

(d) Give an expression for the average flow rate between t = 0 and t = 3? Do not estimate—i.e.,
leave your answer as a formula.
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(4.) (9 points) The following is the graph of a function h(t):

2

1

−1

−2

1 2 3 4 5 t

h(t)

(a) If H(t) is a function such that H ′(t) = h(t), complete the following table:

t 0 1 2 3 4 5

H(t) 3

(b) Let G be another function whose derivative equals h(t) (i.e., G′(t) = h(t)). On the axes
below, sketch the graph of G, given that the graph passes through the point (1, 3).

2

1

−1

−2

1 2 3 4 5 t

3

4

−3

−4
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(5.) (5 points) Let f(x) = 1/x. Use the limit definition of the derivative (and some algebra) to compute
f ′(x). [Show all work.]

(6.) (8 points)

(a) Given F (x) = x ln(x)− x + C, show that F ′(x) = ln(x). [Show all your work.]

(b) If F (1) = 3, find C.

(c) Evaluate
∫ 3

1
ln(x) dx. [Give and exact answer, not an approximation.]
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(7.) (8 points) The following is a table of values of a continuous function f :

x 0 20 40 60 80 100
f(x) 1.2 2.8 4.0 4.7 5.1 5.2

(a) Use a left-hand sum with five intervals to estimate the definite integral
∫ 100

0
f(x) dx. Show

your work.

(b) Assuming that f is monotonic (i.e., always increasing or decreasing on the interval), how
many intervals must you use to guarantee that the left hand sum is within .1 of the actual
value of the integral?

(c) Given the information you have, is your left-hand sum an underestimate or an overestimate?
Explain.
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(8.) (10 points) Saruman the White is creating an army of orcs to cut down all the trees in Fangorn
Forest. Saruman is currently trying to decide exactly how large the army should be in order to
destroy the forest as quickly as possible.

The trouble is, orcs aren’t very efficient. In very small armies they tend to work pretty well — one
orc will emerge as the leader, and he will have good control over the others. They also organize
fairly well in very large armies, once a military structure is established. In medium-sized armies,
though, the orcs spend a lot of time fighting for dominance, and as a result they can’t work very
efficiently.

Saruman has noticed this, of course. His research indicates that an army of x thousand orcs, will
be able to cut down

T (x) =
x3

3
− 3x2 + 8x thousand trees per hour.

(a) If Saruman is capable of producing an army of up to 3000 orcs, how many should he produce
in order to maximize the hourly destruction of trees? [Saruman does not have a graphing
calculator and must be convinced by the methods of calculus.]

(b) Does your answer change if Saruman can produce up to 4000 orcs? If so, how many should
he produce now?

(c) Does your answer change if Saruman can produce up to 6000 orcs? If so, how many should
he produce now?
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(9.) (8 points) Winter is here! Soon we will have icicles. Consider an icicle in the shape of a right
circular cone. The sun is causing the icicle to lengthen. As its length, h, is increasing at the rate
of 0.5 cm/hr, the radius, r, of the cone is decreasing at the rate of 0.02 cm/hr. When the icicle is
12 cm long and its radius is 1 cm, is the volume of the icicle increasing or decreasing? At what
rate is the volume changing? [The volume of a right circular cone is given by V = 1

3πr2h. Note
that in this problem, both h and r are functions of time.]
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(10.) (11 points) You are designing a cylindrical bucket. The bucket must have a bottom, but it will
have no lid, and you have 1000 square inches of steel sheet to use for the bucket.

If the radius of the bucket is r and the height is h, for what values of r and h does the bucket have
maximum possible volume? What is this maximum volume? Show all your work, and clearly
indicate your final answers below.

Optimal value of r =

Optimal value of h =

Maximum volume =
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(11.) (5 points) Suppose that on your visit home over break you meet a friend who is now taking
precalculus at your old high school. He knows the formula “distance travelled = rate × time.”
He also knows some students who are taking the calculus course at the high school, and he has
heard there is a more general formula, “distance travelled = area under the velocity curve,”
that computes the distance, even when the velocity is not constant. He asked those students
to explain this second formula, but they just shrugged and said he would have to wait until he
learned calculus to get an explanation.

Write down what you would tell your friend to explain why the second formula holds and how
it is related to the formula he has learned in precalculus. Be sure to include any appropriately
labelled graphs you might draw in making your explanation.

Please print your name here: Name
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