Math 115 — First Midterm
February 9, 2010

Name:
Instructor: Section:

1. Do not open this exam until you are told to do so.

2. This exam has 10 pages including this cover. There are 10 problems. Note that the problems
are not of equal difficulty, so you may want to skip over and return to a problem on which
you are stuck.

3. Do not separate the pages of this exam. If they do become separated, write your name on
every page and point this out to your instructor when you hand in the exam.

4. Please read the instructions for each individual problem carefully. One of the skills being
tested on this exam is your ability to interpret mathematical questions, so instructors will
not answer questions about exam problems during the exam.

5. Show an appropriate amount of work (including appropriate explanation) for each problem,
so that graders can see not only your answer but how you obtained it. Include units in your
answer where that is appropriate.

6. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric
keypad). However, you must show work for any calculation which we have learned how to
do in this course. You are also allowed two sides of a 3” x 5” note card.

7. If you use graphs or tables to find an answer, be sure to include an explanation and sketch
of the graph, and to write out the entries of the table that you use.

Turn off all cell phones and pagers, and remove all headphones.
9. Use the techniques of calculus to solve the problems on this exam.
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1. [13 points] For each problem below, circle ALL of the statements that MUST be true. (The
four parts (a)-(d) are independent of each other. No explanations are required.)

a. [3 points] Suppose f is a differentiable function which is concave up on its entire domain,
(—00,00).

o lim f(z) = f(1).
e f(2) = f(1).
o [/(2) = f'(1).

b. [3 points] Suppose that h(t) gives the height of a ball, measured in feet above ground

level, t seconds after it is thrown off a bridge. Assume that the derivative of h is given by
the formula A/(t) = —32t + 64.

e The ball reaches its maximum height 2 seconds after being thrown.

e The ball reaches a maximum height of 64 feet from the ground.

e The bridge is 64 feet off the ground.

c. [4 points] Suppose that A and B are positive constants and A < B.
e (Ine?)(lnef)=A+B
eIn(1074) < 0
en(A2+ B)=2InA+InB
elogA <logB

d. [3 points] Suppose that f(z) = —Ae~ 5% for some positive constants A and B.
e f(x) >0 for all z
e f/ is increasing

e f is increasing
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2. [8 points] On the axes provided below, sketch the graph of a function f, defined on the interval
[0, 10], which satisfies ALL of the following properties. (Hint: the function f is not required
to be continuous.)

e f is invertible on the entire domain [0, 10].
o f(0)=3

o f71(5)=2

o f/(x) >0 for 0 <z <5.

o () >0for 0 <z <2.

e f'(x) is decreasing on the interval (2,5).

o f/(x) =—2for 5 <z <6.

o lim f(x)=-3.

z—10~

3. [6 points] Consider the function f(z) = 13z sin(2? + 1). Write down the limit definition of
1(2). (You do not need to estimate or compute the derivative.)
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4. [10 points] Let W = f(t) be the amount of water, in gallons, in a bathtub at time ¢, in minutes.
Suppose that Anna turns on the water in the bathtub at time ¢ = 0. After exactly 6 minutes,
Anna turns off the water and proceeds to bathe her new puppy, Asta. Asta loves the water
and doesn’t splash or fuss, so Anna has the opportunity to give her a good shampoo. After
a 10 minute bath, Anna pulls the plug, and the bathtub takes exactly 4.5 minutes to empty.
Because Asta sheds, the water drains quickly at first and then the draining slows down. Anna
keeps clearing the hair to assist the draining.

a. [3 points] For which values of ¢ between 0 and 25 is the quantity 4 ...
e positive?

® zero?

e negative?

b. [2 points] Suppose that the line tangent to the graph of W = f(t) at ¢t = 18 passes through
the points (17,17.5) and (18.5,4). Find f/(18) and include units with your answer.

c. [2 points] Find f(18) and include units with your answer.

d. [3 points] Use your answers from (b) and (c) to estimate f(20). Explain, in practical
terms, why this estimate is or is not reasonable.
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5. [10 points] The graph of y = g(x) is given below.

a. [6 points] The graphs of the following two functions are related to the graph of g. Deter-
mine a formula for each graph in terms of the function g.
3

2__

gt a(z) =
M 0 4 ] ] ]
-5 14 13 T2 11,10 2 '3 14 5

A az)

-3__

b. [4 points] Carefully sketch as much of the function c¢(x) as will fit on the axes below,
where
clx) =—g(x—1)+2.
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6. [12 points] At the county fair, there is a ferris wheel with radius 40 feet. Riders board at the
lowest point of the ferris wheel, from a platform 10 feet off the ground. Once the ride begins,
the ferris wheel completes 3 revolutions in 120 seconds. Suppose that you are the last rider to
board (so you begin at the lowest point), and the function H(t) measures your height off the
ground (in feet), ¢ seconds after the ride starts.

a. [4 points] On the grid below, sketch a graph H(t) for one complete ride (3 revolutions).
Be sure to carefully label the axes.

b. [4 points] Find the period and amplitude of H(t).

period =

amplitude =

c. [4 points] Find a formula for H(t).
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7. [8 points] For each of the graphs below, select the formula beneath the graph which best fits
the behavior of the graph. In each case, assume that A, B, C, D, E, F', and G are positive
constants. (Circle your choice. No work or explanation is necessary.)

Y Y
/ T T
//

y=Ax—B)(xz+C) y = AeB*
y=A(r — B)*(z + C) y = Ae b7
y=—A(x+ B)*(x - C) y = —Aeb?
y=A(z + B)*(z - C) y=—Ae B

Y Y

[\ \Wiwe
VARV

y=—Bcos(Cz)— A

A(x — B)(z — C)(z — D)(x + E)?

y= @t F)z—-0) y= A+ Bcos(Cx)
_ A+ B)(z+C)(z+ D)(x - E) y=—A+ Bsin(Cz + D)
(x+F)(z—-G)

y = A — Bsin(Cxz)
_A(z+B)(z+C)(z+ D)(z — E)?
(x4 F)(x — G)

—A(x + B)(z + C)(z + D)(x — E)?
N (x+ F)(x — G)?
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8. [10 points] The graphs of two functions f and g are shown below, along with a table of values
for a function h.

a. [4 points| Compute each of the following.

* h(g(1)) =

o f(1+h(1) =

b. [3 points] There exists a number B so that f'(z) = g(z + B). Find B.

c. [3 points] Is it possible that f” = h? Briefly justify your answer.
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9. [15 points] Suppose that W (h) is an invertible function which tells us how many gallons of
water an oak tree of height h feet uses on a hot summer day.

a. [9 points] Give practical interpretations for each of the following quantities or statements.

o W (50)

o W—1(40)

e W'(5) =3

b. [6 points] Suppose that an average oak tree is A feet tall and uses G gallons of water on
a hot summer day. Answer each of the questions below in terms of the function W.
You may also use the constants A and/or G in your answers.

e A farmer has a grove with 25 oak trees, and each one is 10 feet taller than an average
oak tree. How much water will be used by his trees during a hot summer day?

e The farmer also has some oak trees which each use 5 fewer gallons of water on a hot
summer day than an average oak tree does. How tall is one of these trees?
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10. [8 points]
According to US Census Data, the population of the city of Detroit has been declining since

1950. Suppose that P = f(t) is the population of the city of Detroit (in millions of people) ¢
years after 1950. The table below gives some values of P = f(t).

t 0 10 20 30 40 50
P | 1.8496 | 1.6701 | 1.5115 | 1.2033 | 1.0280 | 0.9513

a. [4 points]
Use the table to estimate the derivative of f~1(P) at P = 1.61. Be sure to include units

with your answer.

b. [4 points]
Suppose Detroit’s population decays exponentially starting in 1990. In what year will

Detroit have a population of 650,000 people?



