Math 115 — First Midterm
February 12, 2013

Name:
Instructor: Section:

1. Do not open this exam until you are told to do so.

2. This exam has 10 pages including this cover. There are 10 problems. Note that the problems
are not of equal difficulty, so you may want to skip over and return to a problem on which
you are stuck.

3. Do not separate the pages of this exam. If they do become separated, write your name on
every page and point this out to your instructor when you hand in the exam.

4. Please read the instructions for each individual problem carefully. One of the skills being
tested on this exam is your ability to interpret mathematical questions, so instructors will
not answer questions about exam problems during the exam.

5. Show an appropriate amount of work (including appropriate explanation) for each problem,
so that graders can see not only your answer but how you obtained it. Include units in your
answer where that is appropriate.

6. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric
keypad). However, you must show work for any calculation which we have learned how to
do in this course. You are also allowed two sides of a 3” x 5” note card.

7. If you use graphs or tables to find an answer, be sure to include an explanation and sketch
of the graph, and to write out the entries of the table that you use.

Turn off all cell phones and pagers, and remove all headphones.

9. You must use the methods learned in this course to solve all problems.

Problem Points Score

—_

10
6
14

10
10

13
15
10

O© [ 00 [ || O b= | W | N

7

—_
[an}

5
Total 100




Math 115 / Exam 1 (February 12, 2013) page 2

1. [10 points] Suppose g(x) = x2. The graph of a function f(z) is given below. For parts (a)-(c)
below, write all real numbers z that make the statement true. If no values of z make the
statement true, write “NONE”. You do not need to show your work.

1 f(z)
4 2 4 v
-1
a. [2 points] f(g(z)) = 1.
b. [2 points] g(f(z)) =0.
c. [2 points] f(f(z)) =0.

=

. [4 points] The function h(z) is given by the formula h(z) = §f(z +2) — 1. On the axes
provided below, draw a well-labeled graph of h(x).
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2. [6 points] The force, F', between two magnets arranged in an array depends on the distance
r separating them. Looking at the graph below, a positive F' represents a repulsive force; a
negative F' represents an attractive force. The horizontal intercept of the graph is r = a.

F

S '

a. [1 point] What happens to the force if the magnets start with » = a and are pulled slightly
farther apart?

b. [1 point] What happens to the force if the magnets start with » = a and are pushed
slightly closer together?

c. [4 points] The magnets are said to be in stable equilibrium if the force between them is
zero and the magnets tend to return to the equilibrium after a minor disturbance. Does
r = a represent a stable equilibrium? Give a brief explanation.
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3. [14 points] Laura and Eddie are co-owners of a caffeinated soap factory. Let M(z) denote
the mass, in grams, of caffeine in a bar of soap that causes a typical customer’s bloodstream
caffeine content to be x mg.

a. [4 points] Assuming that M (x) is an invertible function, give a practical interpretation
of the statement M~1(2) = 12.

b. [4 points] Under the same assumption, give a practical interpretation of the statement
M’'(13) = 0.7.

c. [6 points] Laura and Eddie know that M (x) is either a linear or an exponential func-
tion, but they aren’t sure which. From experimenting, they know that M (12) = 2 and
M(14) = 4. They need more data to determine which is correct. For each of the following
hypothetical experimental results, circle EXPONENTIAL if the result shows that M (z)
could be exponential, circle LINEAR if the result shows that M(z) could be linear, or
circle EITHER if the result does not rule out either possibility. Assume Laura and Eddie’s
equipment gives experimental evidence which is accurate to within .1 mg.

i. Laura and Eddie discover that M (z) is an invertible function.
EXPONENTIAL LINEAR EITHER
ii. Laura and Eddie discover that M’'(17.2) = M’(18.3).

EXPONENTIAL LINEAR EITHER

iii. Laura and Eddie discover that when there are 7 grams of caffeine in the soap, the
caffeine level in a typical customer’s bloodstream is roughly 15.6 mg.

EXPONENTIAL LINEAR EITHER
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4. [10 points] A motorcyclist heads north from an intersection after a stoplight turns green. The
table below records the data on the motorcyclist’s speedometer, measuring her velocity, v(t),
in feet per second, t seconds after the stoplight turns green. Assume that the motorcyclist
does not slow down at any point during the interval of time we are measuring.

t |0]2]4 |6
v(t) [ 0|5 ] 1530 |
a. [3 points] Recall that the acceleration function, a(t), is the derivative of the velocity
function. Use the table to estimate a(2). Include units.

b. [3 points] The “jerk” j(t) of the motorcycle is the derivative of the acceleration function.
Use the table to estimate j(2). Include units.

c. [4 points] Given everything we know about the motorcyclist, can we definitely conclude
that a(4) < 8?7 If you answer YES, then explain your reasoning. If you answer NO, then
sketch a graph of a velocity function v(¢) which is consistent with all the information in

this problem, but which has a(4) > 8.
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5. [10 points|] The figure below shows the graph a function k(z) and its tangent line at a point
(a,2). The average rate of change of k(x) between z = a and = = 6 is 1/6.

Y

Find exact numerical values for the following. If it is not possible to find a value, write “NP”.
You do not need to show your work.

a. [2 points] a =

b. [2 points] b=

¢]

. [2 points] £'(2) =

d. [2 points] k'(a) =

0]

. [2 points] £'(6) =
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6. [13 points] Suppose n(z) = (z + 3)e.

a. [4 points] Using the limit definition of the derivative, write an explicit expression for
[19ee}]

n’(2). Your expression should not contain the letter “n”. Do not try to evaluate your
expression.

n'(2) =

The derivative of n(z) is n'(z) = (v + 3)e®.
b. [3 points] Using the given formula for n/(z), write an equation for the tangent line to the
graph of n(x) at x = 2.

c. [3 points] Write an equation for the tangent line to the graph of n(x) at x = a where a
is an unknown constant.

d. [3 points] Using your answer from (c), find a value of a so that the tangent line to the
graph of n(x) at x = a passes through the origin.
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7. [15 points| In each of the following problems, give a formula for a function whose domain is
all real numbers, with all of the indicated properties. If there is no such function, then write
“NO SUCH FUNCTION EXISTS”. You do not need to show your work.

a. [6 points] A sinusoidal function P(¢) with the following three properties:
(i.) The period of the graph of P(t) is 7.
(ii.) The graph of P(t) attains a maximum value at the point (1,20).
(i

ili.) The graph of P(t) attains a minimum value at the point (—2.5, —6).

P(t) =

b. [3 points] A function h(x) with the following two properties:
(i.) h(zx) is concave down for all =
(ii.) h(xz) > 0 for all .

h(z) =

c. [3 points] A function j(z) with the following two properties:
(i.) j(z) is decreasing for all z.
(ii.) j(z) is concave up for all z.

j(x) =
d. [3 points] A rational function ¢(x) with the following two properties:
(i.) £(0) = 2.
(ii.) The line y = 2 is a horizontal asymptote to the graph of ¢(z).
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8. [10 points] The graph of a function h(z) is given below.

a. [1 point] List all z-values with —4 < z < 4 where h(x) is not continuous. If there are
none, write NONE.

b. [1 point] List all z-values with —4 < x < 4 where h(z) is not differentiable. If there are
none, write NONE.

c. [8 points] On the axes provided, carefully draw a graph of '(x). Be sure to label important
points or features on your graph.
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9. [7 points] The air in a factory is being filtered so that the quantity of a pollutant, P (in
mg/liter), is decreasing exponentially. Suppose ¢ is the time in hours since the factory began
filtering the air. Also assume 20% of the pollutant is removed in the first five hours.

a. [2 points] What percentage of the pollutant is left after 10 hours?

b. [5 points] How long is it before the pollution is reduced by 50%?

10. [5 points|] Define a function
—23 + 522
f@ =025 7%
k x =5.

a. [3 points| Find a value of k so that f(z) is a continuous function for all real numbers z.

b. [2 points] For the value of k you found, is f(z) differentiable at z = 57 Briefly explain.



