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12. [9 points]
A hemispherical bowl of radius 11 cm is being filled with water
at the constant rate of 7 cm®/sec. When the depth of the water
from the bottom of the bowl is h centimeters, the volume of the }h
water in the bowl in cubic centimeters is given by

V = 1lrh? - Zh 22 m
a. [4 points] At what rate is the depth of water in the bowl increasing when the depth of the water

is 2 centimeters, in units of centimeters per second?

Solution: We are given that Cf}T‘t/ =, and we are asked to find % when h = 2. Differentiating
V = 11nh? — %h‘? with respect to ¢ gives us

av dh odh dh
Plugging in h = 2 and using % =7, we get
av dh dh dh T 1
= — = 7w(2)(22-2)— = 40— — = — = —.
T= g T rA@E2g = A S o T 1
Answer: 1/40 cm/sec

b. [5 points] As the bowl fills up, the circular surface of the water grows larger. At what rate is
the area of the water’s surface increasing when the depth of the water is 2 centimeters (as in
part a)? Include units.

Solution: Let r be the radius, and A the area, of the circular surface of the water. We must
find % when h = 2. Differentiating both sides of A = 7r? with respect to ¢, we get

— = 21r—. (1)

To find %, we need an equation relating  and h. From the picture, we see that the line segment
labeled “r” and the segment of length 11 — A from the center of the circular surface of the water
to the center of the hemispherical bowl form two legs of a right triangle with hypotenuse 11

cm. Therefore by the Pythagorean Theorem we have
24 (11 -h)? =112,  so  r?=22h—h>

Differentiating this gives us

dr dh dh

Now we can solve for % when h = 2 by combining equations (1) and (2) and plugging in h = 2
and b = 4—10 from part a:

dt
dA dr dh dh
2o = g (2% ™
dt Tt W( dt hdt)
1 1 1
=7 <224 - 2(2)4()) = % when h = 2.
187
Answer: 40 cm’/sec
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