Math 116 — Final Exam — April 27, 2026

|[EXAM SOLUTIONS |

This material is (€)2026, University of Michigan Department of Mathematics, and
released under a Creative Commons BY-NC-SA 4.0 International License.
It is explicitly not for distribution on websites that share course materials.

1. Please neatly write your 8-digit UMID number, your initials, your instructor’s first and/or last name,
and your section number in the spaces provided.

2. This exam has 15 pages including this cover.

3. There are 11 problems. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

4. Please read the instructions for each individual problem carefully. One of the skills being tested on
this exam is your ability to interpret mathematical questions, so instructors will not answer questions
about exam problems during the exam.

5. Show an appropriate amount of work (including appropriate explanation) for each problem, so that
graders can see not only your answer but how you obtained it.

6. If you need more space to answer a question, please use the back of an exam page. Clearly indicate
on your exam if you are using the back of a page, and also clearly label the problem number and
part you are doing on the back of the page.

7. You are allowed notes written on two sides of a 3” x 5” note card. You are NOT allowed other
resources, including, but not limited to, notes, calculators or other electronic devices.

8. For any graph or table that you use to find an answer, be sure to sketch the graph or write out the
entries of the table. In either case, include an explanation of how you used the graph or table to
find the answer.

9. Include units in your answer where that is appropriate.

10. Problems may ask for answers in ezact form. Recall that z = /2 is a solution in exact form to the

equation z? = 2, but x = 1.41421356237 is not.
11. You must use the methods learned in this course to solve all problems.
Problem Points Score Problem Points Score

1 12 7 9
2 12 8 7
3 7 9 10
4 9 10 10
5 10 11 9
6 5 Total 100
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1. [12 points] Lara is working on homework while sitting outside when she notices a beetle crawling
on her graph paper. The beetle’s position ¢ seconds after she starts watching is given by

2(t) = (t — 3)(t — 5)

y(t) = Bsin <7Z>

where (0,0) is the origin, and the units on the x and y axes are centimeters (cm).

a. [4 points] Does the beetle ever pass through the origin? Justify your answer.

Solution:  For the beetle to pass through the origin, it must satisfy = 0 and y = 0.

We see that = 0 only when ¢ = 3 or t = 5. We have y(3) = 5sin (T) _ 2 and

y(5) = 5sin <5j> - ‘¢5§’

beetle does not pass through the origin.

and so we do not ever have y = 0 when x = 0. Therefore the

b. [4 points| Write an expression involving one or more integrals that gives the total distance, in
cm, traveled by the beetle during the first three seconds that Lara is watching. Do not evaluate
your integral(s). Show your work.

5 t
Solution: We have 2/(t) = 2t — 8, and ¥/(t) = Zﬂ Ccos <1), so during the first three seconds,

the beetle travels a total of

/03 \/(33’(15))2 + (y(t)2 dt = /03 \/(275 —8)2 + (52 cos <T>>2 dt  cm.

3 5 £\\?
/ \/(215 —8)2 4 <7T cos <W)> dt
Answer: 0 4 4

c. [4 points] What is the equation of the tangent line to the beetle’s path at ¢ = 37 Give your
answer using Cartesian coordinates (expressing y in terms of x only).

Solution: Since z(3) = 0, and y(3) = —= (as we saw in part a.), we know the tangent line

V2
5
must pass through the point <0, —

;)

Using our formulas for 2/(t) and y/(¢t) from part b., we see that z/(3) = —2, and 3/(3) =
5T 3m\ 25 o ie ¥(B) 25
v cos <4> = —4—\/5, and therefore the slope of the tangent line is I3 = s
25 5
Therefore the tangent line is described by y = —x + —.
g yY 8\/§ /2
25 n 5
by R
Answer: y = 8v2 V2

@2025 Univ of Michigan Dept of Mathematics
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2. [12 points] The Taylor series centered at x = —2 for a function f(x) is given by:

o0

((n+1)1)? 3n+1

= 2)5n+

J@) =2, s T2

n=0

a. [7 points] Determine the radius of convergence of the Taylor series above. Show all of your
work. You do not need to find the interval of convergence.

Solution: We use the ratio test to find the radius of convergence. First, we form

(4 1) + DH2|(z + 2)30 D+ 27(2n + 1)!
2" (n+2)1)* 2n41)! |z 42

T2t (n+ )2 (2n+3)! |z + 2Pl

an+1
Gn

1 1
E— 2)2. . 913
2 D G ey ot
Now, we evaluate the limit:
1 2)?
lim |2 = fim - (n+2) o+ 2
n—oo | ap n—oo 2 (2n+3)(2n +2)

. 7”L2 3
=gt TR

1 ,
== 203
Sz +2

The ratio test tells us that the Taylor series converges when this value is less than 1, i.e.,

1
§|x + 2> < 1. Rearranging the inequality, we find that |z + 2|*> < 8, which implies that the

radius of convergence is 2.
Answer: 2

@2025 Univ of Michigan Dept of Mathematics
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b. [5 points] Find £(9(—2) and £ (-2). You do not need to simplify your answers.

Solution: Observe that the power of (z + 2) is always 3n + 1. If we set 3n + 1 = 60, we get
n = 59/3. Since there is no integer n that produces a degree 60 term, the coefficient of (x+2)%
will be 0. Hence f(09)(—2) = 0.

On the other hand, (x + 2)%! appears when 3n + 1 = 61, i.e. when n = 20. Thus

FO(=2) _ ((20+1)1)?
611 220(2.20+1)!

Rearranging and simplifying, we get

611(21!1)2
61 _
f(-2) = 220411

61!(21!)2

Answer: f(60)(—2) = 0 and fOD(—2) = 220411

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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3. [7 points] After the successful splashdown of the Artemis II mission, the Orion spacecraft is hoisted
from the surface of Pacific Ocean by a crane onto the recovery ship. Before the crane begins lifting,
the combined weight of the Orion capsule and the trapped seawater is 12,000 pounds. As soon as
the hoisting begins, the trapped seawater drains out of the capsule at a constant rate of 20 pounds
per second. The capsule is lifted until it reaches the deck of the ship, 50 feet above the surface of
the water. The crane lifts the capsule at a constant vertical rate of 2 feet per second.

a. [3 points] Let C(h) be the combined weight of the capsule and the trapped water, in pounds,
when the capsule is h feet above the surface of the water. Write an expression for C'(h).

Solution: Observe that iC dC dh

Hence, C(h) is a linear function of h with slope —10. Given the weight of the capsule at sea
level (h = 0) is 12,000 pounds, we obtain

C(h) = 12000 — 10h.

Answer: C(h) = 12000 — 10Ah

b. [4 points] Write an expression involving one or more integrals that represents the total work
required to move the Orion capsule from the surface of the water to the deck of the ship using
the crane. Your answer should not involve the letter C'. Do not evaluate your integral. Include
units.

Solution: Suppose the Orion capsule has already been lifted to a height h feet above the sea

surface. The work required to lift it an additional Ah feet is given by:

C(h) Ah = (12000 — 10h) Ah.

Therefore, the total work required to lift the capsule from the surface of the pacific ocean to
the deck of the ship is given by

50
W = / (12000 — 10%) dh.
0

50
Answer: / (12000 — 10h) dh Units: _ft-1b
0

@2025 Univ of Michigan Dept of Mathematics
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4. [9 points] A local basketball team measures their performance using different statistics.

a. [6 points] Dusty the basketball coach keeps track of ¢, the number of seconds into a game that
his team scores their first basket. The cumulative distribution function (cdf), D(t), for this
quantity is defined for all real numbers. A portion of the graph for D(t) is shown below.

0.8 Dt
0.7 v
0.6 —
0.5
0.4
0.3

0.2 7
0.1 —~

- t
5 10 15 20 25 30 35 40 45 50 55 60

For each of the following parts, find the exact value of the given quantity, or if there is not
enough information to determine the quantity, write “NEI”. No justification is required.

(i) D(=2)

Answer: 0

(ii) The probability that the team’s first basket is scored within the first 20 seconds of the
game

Answer: 0.3

(iii) The probability that it takes the team more than 60 seconds to score their first basket

Answer: 0.3

(iv) The probability that it takes the team between 30 and 40 seconds to score their first basket

Answer: 0.1

(v) The median number of seconds until the team scores their first basket

Answer: 40

(vi) The mean number of seconds until the team scores their first basket

Answer: NEI

b. [3 points] One of the players, Yaxel, tracks the number of minutes m that he spends on the court
in each game. The probability density function (pdf) for this quantity is Y (m). Complete
the following sentence to give a practical interpretation of the equation Y (30) = 0.14.

The probability that Yaxel spends between 29 and 31 minutes on the court is ...

Solution: ...about 28%

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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5. [10 points] A power series centered at x = —1 is given by

o0

(x4 1)
T; 3n(n? +1)

The radius of convergence of this power series is 3 (do not show this). Find the interval of conver-
gence of this power series. Show all your work, including full justification for series behavior.

Solution:  Since we know the radius of convergence, we just need to test the behavior at the
endpoints, which are —1 —3 = —4, and -1 +3 = 2.
At x = —4, the series is

o0 [e.9]

Z n2+1 —A+1r

n
To determine the behavior of this, we use the Alternating Series Test. Set a, = — e Then
n
n 1
lim a, = lim 5 = lim — = lim — =0.
n—00 n—oo n* + 1 n—oco n n—oo n

and for all n > 1,
0 < apt1 < ap,

—1)"n
so by the Alternating Series test, E converges.
Y & 241 &
Therefore x = —4 is included in the 1nterval of convergence.

At x = 2, the series is

8

oo
Z3n 2+1

n=1 n=1

We can show that this series diverges using either the Direct Comparison Test or the Limit Com-
parison Test; here, we’ll use the Direct Comparison Test.
n 1

o0
1
For n > 1, n2n+ 1 > R =5 and Z o diverges, by the p-test, with p = 1. Therefore, by

n=1

the (Direct) Comparison Test, Z RO dlverges This tells us that x = 2 is not included in the

interval of convergence.
Therefore, the interval of convergence is [—4, 2).

Interval of convergence:

@2025 Univ of Michigan Dept of Mathematics
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6. [5 points] For the function f(x) = cos(sin(z)), find P>(x), the Taylor polynomial of degree 2 for
f(x) centered about # = w. Show all your work.

Solution: To find the Taylor polynomial of degree 2 centered at x = 7, we need to evaluate the
function and its first two derivatives at x = w. First, we compute the derivatives:

f(x) = cos(sin(x))
f'(z) = —sin(sin(z)) cos(z)
f"(z) = — cos(sin(z)) cos?(z) + sin(sin(z)) sin(z)
Now, we evaluate these at x = m:
f(m) = cos(sin(m)) = cos(0) =1
f'(7) = —sin(sin(7)) cos(mw) = —sin(0)(—1) =0
f"(m) = — cos(sin(m)) cos? () + sin(sin(n)) sin(7) = — cos(0)(=1)2 +0 = —1

Using the formula for the Taylor polynomial Py(z) = f(7) + f/(7)(z — ) + #(z — )2, we get:

Answer: P(x) =

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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3
7. [9 points] Consider the function g(z) = 3z sin (1; >

a. [5 points| Give the first three nonzero terms of the Taylor series for g(x) centered about z = 0.
Show all your work.

Solution: Using the Taylor series expansion of sin(y) with y = %3 about z = 0, we obtain

) IL‘S B 1,3 :EQ 1315
S\ S )T Ty e T

Therefore, the Taylor series of g(z) about z =0 is

3 3 9 15 4 10 16
9($)=3xsin<x>=3x<x o2 +...>:3f’3 321 3w

) 2 313 T ps 5 T 323 T ms

3zt 3210 3416

3 5
Answer: 2 312 512

b. [4 points] The function g(z) has a continuous antiderivative, G(z), with a Taylor series that

converges for all x. Given that G(0) = 2, find the first four non-zero terms of the Taylor series
for G(x) centered about z = 0. Show all your work.

Solution: The Second Fundamental Theorem of Calculus implies

Glz) = /Oxg(t) di +2.

Using the Taylor series expansion of g(¢) from part a, and integrating term by term, we obtain
the Taylor series expansion of G(z) about x = 0:

G(x):2+/ dt—/ dt+/ = dt -
0 2 o 3123 AGIDE

9t 320 3zt N 317 N
2.5 31.23.11  5!-.25.17

3xd 3zl 3217

24— — + 4+ ..
Answer: 10 31.93.11  5!.925.17

@2025 Univ of Michigan Dept of Mathematics
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8. [7 points] Consider functions f and g that satisfy all of the following:

e f(z) is defined, continuous, and positive for all z > 1.

e lim f(z) =00 (so f(x) has a vertical asymptote at z = 1).
z—1

e g(z) is defined and differentiable for all real numbers, and ¢'(z) is continuous.
9(x)
22 _

e Some values of the functions g and ¢’ appear in the below table.

o F(x) = is an antiderivative of f(x) for all z > 1,

x 1 5
g9(z) 0 —3
g (x) -8 2

Compute the value of the following improper integral if it converges. If it does not converge, use a
direct computation of the integral to show its divergence. Be sure to show your full computation,

and be sure to use proper notation.
5
/ f(z)dz
1

Clircle one: Diverges Converges to —

Solution: We start by rewriting this improper integral as a limit, and then use the First Funda-
mental Theorem of Calculus:

/15f( dx—bgr?+/f ) dz

= hm F(5) — F(b)

) o)
b—1+ 24 b2 —1

_ 3 i 90

M o 21

As lim g(b) = lim b* — 1 =0, we try to use L'Hopital’s Rule. We obtain:

b—1+ b—1+
5 1 /
/f( Vdz = — — lim g9'(b)
1 8

b1+ 2D
1 8 1 31
8+2 8 8

5
31
Therefore, / f(x)dx converges to 5
1

@2025 Univ of Michigan Dept of Mathematics
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9. [10 points|

As part of a new logo design for his varsity
team, Jake wants to recreate the shape of a
buckeye leaf, the symbol of his home state.
He models the leaf’s outline, shown in the
figure to the right, using the polar equation

1 1 1
r = <2 + 3 sm(59)> <1 + 2s1n(¢9)), where

the leaf is traced out once as 6 ranges from 0 to
2.

AN
/

a. [4 points| Find all the values of # in the interval [0, 27) for which the curve passes through the

origin.

r = 0 when

2 2

n=0,1,23,4.

Answer:

1

0=

3+

1 1
— + —sin(50) = 0 or equivalently, sin(50) = —1

The equation sin(50) = —1 has five solutions in the interval [0,27): 6 =

o
10

Solution: To find the values of # in the interval [0,27) where the curve passes through the

origin, we set r = 0. From the factorization r = (1 + 3 sin(50)) (1 + 3 sin(0)), we observe that

2nm
——, where

5

107107 107 27 10

b. [2 points] The point A, labeled above, is the tip of the buckeye leaf. Write A in polar coordinates

(r,0), with 0 < 6 < 2.

Solution: The point A sits on the y-axis. Hence, 6 = 5. Evaluate r at 0 =

D)

<7r) 1+1,
—)] ==+ =sin
"2 2 9"

Answer: A:(r,0)=

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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5
2

D)

1
14+~
+2s1n

(

2

s
2

we obtain
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c. [4 points| Jake wants to paint the largest leaflet green, shown as the shaded region in the figure.
Write an expression involving one or more integrals that represents the area of this leaflet. Do
not evaluate your expression.

Solution: From part a, we determine that the shaded region is traced for # in the interval

3m 7
< T W). Using the formula for the area, the total area of the shaded region is given by

10710
/Bﬂ % <<; + ;Sin(59)> (1 4 ;Sin(9)>>2 N

10

T 2
1 1 1 1
/10 - (( + sin(50)> (1 + sin(0)>> ao.
Answer: 3 2 2 2 2

S

@2025 Univ of Michigan Dept of Mathematics
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10. [10 points] For the following questions, determine if the statement is ALWAYS true, SOMETIMES
true, or NEVER true, and circle the corresponding answer. Justification is not required.

a. [2 points| Suppose that f(z) is a continuous function with a continuous antiderivative F'(z)
4 T
which satisfies F'(1) = 5. Suppose that / f(t) dt = 6, and let H(z) = / f(t) dt. Then
1 4
F(2026) — H(2026) = 11.

Circle one: ALWAYS SOMETIMES NEVER

b. [2 points] Suppose that g(z) is a continuous function which is concave up on the interval [2, 5],

5
and that the TRAP(5) estimate to / g(x) dx is 11. Then the average value of g(x) on the
2

interval [2,5] is at least 4.

Circle one: ALWAYS SOMETIMES NEVER

c. [2 points] Suppose that k is an integer. Then the point (z,y) = (—1,0) in the xy-plane can be
described as (r,0) = (1,2kn) in polar coordinates.

Circle one: ALWAYS SOMETIMES NEVER

o0 [e.@]
d. [2 points] Suppose that the series ) a, converges. Then the power series > anz™ converges
n=1 n=1
for all z.
Clircle one: ALWAYS ’SOMETIMES NEVER

[e.e]
e. [2 points] Suppose k is a positive constant and that the improper integral /
e

oo
converges. Then the series E — also converges.
n

n=1

Circle one: ALWAYS SOMETIMES NEVER

@2025 Univ of Michigan Dept of Mathematics
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11. [9 points] Consider the following initial value problem:
y"(t) — 16y(t) =0

with initial conditions y(0) = 1 and ¢'(0) = 4. As in the team homework, suppose the solution y(t)
to this initial value problem takes the form of a power series centered at ¢ = 0:

oo
y(t) =D eat" = co+ it + oot + o et + o

n=0

so that we have:
y(t) =c1 42t +3cst’ + ...+ (n+ Depprt" + ...,

y'(t) =20 +3-2c3t +4-3cat®> + ...+ (n+2)(n 4 1)cpot™ + ...
a. [2 points| Use the initial conditions y(0) = 1 and ¢'(0) = 4 to find ¢ and ¢;.

Answer: ¢y = 1 and ¢ = 4

b. [2 points| Substituting y(¢) and y”(¢) into the differential equation yields the following equation,
which must hold for all values of t:

o0

S (n+2)(n + 1epga — 16¢,) " = 0.

n=0

Use this to find a recurrence relation for ¢, 49 in terms of ¢, which applies for all n > 0.

Solution: We need all coefficients to be equal to 0, and so we need (n+2)(n+1)cp+2—16¢, = 0

for all n. R i 16
or all n. Rearranging, we see ¢p10 = —————————¢yp,
(n+1)(n+2)

16
(n+1)(n+2)

Cn

Answer: c¢py0 =

c. [5 points] We can use the recurrence relation to show that for all n > 0,

42n 42n+1

B P T (YO

Use these coefficients to express y(t) as a power series centered around 0 using sigma (>)
notation. Then, use the known Taylor series formula to find a closed-form expression for y(t).

n > yn
Solution: For each n, we have ¢, = —, and so we have y(t) = Z —t".
n! ‘ n!
n=
Using our Known Taylor series, we see that we can rewrite y(t) = e*.
o0
> gt
Using sigma notation, y(t) = = n!
oAt

In closed form, y(t) =

@2025 Univ of Michigan Dept of Mathematics
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“Known” Taylor series (all around z = 0):

a n 2n+l 3 (_1)71 x2n+1

sin(z Z 2n—|—1 :x*§+"'+m+'“ for all values of x

:1_7+...+_7+..- for all values of z

ooxn 72 "
ex227:1+$+7+...+7+... for all values of x

n! 2! n!

n=0

o
_1n+1n 2 3 _1n+1n

ln(l—i—a;)—z()n—x—a;+g—---+()rl+-~- for -1 <z <1
n=1

-1 —1)(p—2
(14+2)P =14 px+ (2' )w2+p(p 3)'(}? )x3+-~ for —-1<z<1
1 oo
T :Zac":1+:U+m2—|—3:3+~-+$"+--- for -1<z <1
-z

n=0

Select Values of Trigonometric Functions:

6 | si

cos 0

=
S

B

~9
1\3‘& &‘»—\ D[
DN — E‘»—* w‘%

ol
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