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11. [9 points] Consider the following initial value problem:
y"(t) — 16y(t) =0

with initial conditions y(0) = 1 and ¢'(0) = 4. As in the team homework, suppose the solution y(t)
to this initial value problem takes the form of a power series centered at ¢ = 0:

o0
y(t) =D ent" = co+ it + oot + o et + o

n=0

so that we have:
y(t)=c1 42t +3cst’ + ...+ (n+ Depprt" + ...,

y'(t) =20 +3-2c3t +4-3cat®> + ...+ (n+2)(n 4 1)cpot™ + ...
a. [2 points| Use the initial conditions y(0) = 1 and ¢'(0) = 4 to find ¢ and ¢;.

Answer: ¢y = 1 and ¢ = 4

b. [2 points| Substituting y(¢) and y”(¢) into the differential equation yields the following equation,
which must hold for all values of t:

o0

S ((n+2)(n + epga — 16¢,) " = 0.

n=0

Use this to find a recurrence relation for ¢, 49 in terms of ¢, which applies for all n > 0.

Solution: We need all coefficients to be equal to 0, and so we need (n+2)(n+1)cp+2—16¢, = 0

for all n. R i 16
or all n. Rearranging, we see ¢p10 = ———————¢yp,
(n+1)(n+2)

16
(n+1)(n+2)

Cn

Answer: c¢py0 =

c. [5 points] We can use the recurrence relation to show that for all n > 0,

42n 42n+1

= oy M T o)

Use these coefficients to express y(t) as a power series centered around 0 using sigma (>)
notation. Then, use the known Taylor series formula to find a closed-form expression for y(t).

n > yn
Solution: For each n, we have ¢, = —, and so we have y(t) = Z —t".
n! ‘ n!
n=
Using our Known Taylor series, we see that we can rewrite y(t) = e*.
o0
> gt
Using sigma notation, y(t) = = n!
oAt

In closed form, y(t) =

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License



