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8. [7 points] Consider functions f and g that satisfy all of the following:

e f(z) is defined, continuous, and positive for all z > 1.

. lim+ f(z) = oo (so f(z) has a vertical asymptote at z = 1).
z—1

e g(z) is defined and differentiable for all real numbers, and ¢’(z) is continuous.
9(x)
22

e Some values of the functions g and ¢’ appear in the below table.

o F(z) = is an antiderivative of f(x) for all z > 1,

x 1 5
g9(z) 0 —3
g (x) -8 2

Compute the value of the following improper integral if it converges. If it does not converge, use a
direct computation of the integral to show its divergence. Be sure to show your full computation,

and be sure to use proper notation.
5
/ f(z)dz
1

Clircle one: Diverges Converges to —

Solution: We start by rewriting this improper integral as a limit, and then use the First Funda-
mental Theorem of Calculus:

/15f( dx—bgr?+/f ) dz

= hm F(5) — F(b)
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As lim g(b) = lim b* — 1 =0, we try to use L'Hopital’s Rule. We obtain:

b—1+ b—1+
5 1 /
/f( Vdz = - — lim g9'(b)
1 8

b1+ 2D
1 8 1 31
8+2 8 8

5
31
Therefore, / f(x)dx converges to 5
1
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