Math 216 — Final Exam
14 December, 2012

This sample exam is provided to serve as one component of your studying for this exam in
this course. Please note that it is not guaranteed to cover the material that will
appear on your exam, nor to be of the same length or difficulty. In particular,
the sections in the text that were covered on this exam may be slightly different from those
covered by your exam.

This material is (¢)2017, University of Michigan Department of Mathematics, and released under
a Creative Commons By-NC-SA 4.0 International License. It is explicitly not for distribution on
websites that share course materials.
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1. [12 points] For each of the following the given figure is a phase portrait for a system x’
Ax, where A is a constant 2 x 2 matrix. For each select the correct characterization of the
eigenvalues of A and fill in the requested information about an eigenvector of this matrix.

a. [4 points] The eigenvalues of A could be (circle one):

)\1:1,)\2:2; )\1:—1,A2:2;
AM=-1, A =-2; A2 =1%£7;
AMo=—1+i

If possible, give one eigenvector of A (if it is not possible, write “n/a”):

b. [4 points] \J The eigenvalues of A could be (circle one):
\ At=1, A =2 At=-1 X =2
c A =1, Ay = —2: Ato =141
Aig=—1%i

\\
[

If possible, give one eigenvector of A (if it is not possible, write “n/a”):

c. [4 points] The eigenvalues of A could be (circle one):

)\1:1,)\222; )\1:—1,A2:2;
)\1 = —1, )\2 = —2; )\172 =1 :i:i;
Mo=—1%4i

If possible, give one eigenvector of A (if it is not possible, write “n/a”):
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2. [14 points] A model for a population that is susceptible to a disease is the SI (Susceptible,
Infected) model. With a few simplifying assumptions, we may model smallpox infections in a
population with the ST model

S = —4ST+ k(1—S5—1)
I' =48I -1,

where S is the fraction of the total population that is susceptible to smallpox and I is the
fraction who are infected by the disease. (The remainder of the population is recovered.)
We shall consider this with & = 2, in which case the equilibrium solutions to the system are
(S,I)=(1,0) and (S,I) = (1/4,1/2).
a. [5 points] Find the linearization of this system at the critical point (1,0). Solve the linear
system that you obtain.

b. [4 points] Find the linearization of this system at the critical point (1/4,1/2). Determine
the type of critical point this is (that is, whether it is a node, saddle or spiral point, and
its stability).
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Problem 2, continued
c. [5 points] Based on your work in (a) and (b), sketch a qualitatively reasonable phase
portrait (including equilibrium solutions and representative trajectories) for this system
on the domain 0 < § < 1 and 0 < I < 1. Based on your work on this part of the
problem and on (a) and (b), how do you expect the populations of susceptible and infected
individuals to evolve if we start with the initial condition (S, I) = (0.8,0.01)7
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3. [12 points] Use Laplace transforms to solve the initial value problem

1 t<2
/" /
fy— , y(0)=3, y(0)=0,
vty {0 isyr VO y'(0)
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4. [12 points] Fill in the blanks for each of the following inverse Laplace transforms. Show enough

work to indicate how you obtained your answer.

1 1
. [4 poi =g =
a. [4 points] £ {32+8s+16} < {(3+4)2}

b. [4 points] £7! {( S5 41

T L3672 cos(4t
s+2)2+16} e cos(4t) +

2—e s 2
c. [4 points] £71 {3246_9} =3 sin(3t) +
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5. [14 points] Solve each of the following, as indicated.

a. [7 points] Find the general solution to z2'(z) = z(z) + 5x%.

b. [7 points] Find the solution to the initial value problem (1 + x)y’ = 3y2, y(0) = 2.
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6. [14 points| Consider the differential equation % + 2% +2=0.

a. [6 points| Find a general real-valued solution to this differential equation.

b. [3 points] Rewrite the equation as a linear system of first order equations, in the form
x = Ax.

c. [5 points] Use your solution from (a) to write the general solution for x in your system
in (b).
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7. [10 points] Values from a cubic polynomial f(y) are shown in the table below.
y=[ -2 [ -1]o] 1 |2
fly)=1-35]125]0] -125| 35
a. [5 points] How many equilibrium solutions are there for the differential equation % =
f(y), where f(y) is represented in the table above? What might these solutions be?

b. [5 points] Identify the stability of each of the equilibrium solutions you found in (a), and
sketch a phase diagram for the differential equation.
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8. [12 points] The figure to the right shows the solution to
the system of first-order equations

page 10
T /_ -1 T
y) \—2 —-1)\y)’
specify later.

where a is a constant. In the figure, x is given by the solid
curve and y by the dashed curve, and k is a constant we

a

N — K
a. [4 points] Given these solution curves, is a positive, negative, zero, or can we not tell?

b. [4 points] If we know that & = 7, what is a?

c. [4 points] Sketch a phase portrait in the z-y plane for this system, showing the solution
trajectory illustrated in the figure given in the problem statement.
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Do not use this page for work on the problems on the final exam. Any work you
do here will not be considered when grading your exam.

Some formulas which may or may not prove useful

e Euler’s, improved Euler and Runge Kutta methods iteration steps for #’ = f(¢t,z) (x and f
scalar or vector):
Euler: z 11 = x; + hf(t;, ;)
Improved Euler: zj41 = x; + 2(f(t;,7;) + f(tj+1,u)), where u = x; + hf(t;, z;)
Runge Kutta: x4 = a:j+%(k1+2k:2+2k‘3+k:4), where ki = f(tj,x;), ko = f(tj+%,xj—|—%k:1),
ks = f(t; + % 25 + Bks), and ks = f(tj41, 25 + hks)

e Some integration formulas:
[ 1/Va? —22dz = arcsin(z/a) + C [ 1/(a® + 2%) dz = arctan(z/a)/a + C
[ sin®(z)dz = /2 —sin(2z) /4 + C [ cos?(z)dx = x/2 + sin(2x) /4 + C
[ tan?(z) dz = tan(z) — z + C.

e Laplace transforms:

f@) | F(s) f(t) F(s)
1 s F () $"F(s) = "1 f(0) =+ = fO71(0)
O Ju f(r)dr =
et ﬁ e f(t) F(s—a)
sin kt SQJFL]QQ ft)=g(t) F(s)-G(s)
coskt | =i —tf(t) F'(s)
u(t—a) | & (1) [ F(0) do
o(t—a) | e u(t —a)f(t —a) e~ F(s)



