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5. [16 points] Recall that the van der Pol equation we studied in lab 1 is given by
2"+ pf ()2 +x =0,

or, as a system in z and y = 2/,

/ r_

r =Y, Yy =—T— ,UJf/(l‘)y,

for some function f’(x). We assume that p > 0.

a. [3 points| Show that for any choice of f/(x), the only critical point of the system formu-
lation of the van der Pol equation is (0,0).

Solution: At a critical point, 2’ = 3/ = 0. Thus, from the first equation, y = 0. Then,
from the second, v/ = 0= —x — puf'(x) -0, and x = 0 as well.

b. [4 points] Suppose that the Taylor expansion of f'(z) around z = 0is f'(z) = > 7 jana” =
ag+aiz—+---. Use this expansion to linearize your system. Your linear system will involve
the coefficients a,.

Solution: Note that the first equation is already linear. The second is ¢y = —x — u(ag +
ayx + - -+ )y, so that, dropping nonlinear terms, the linear system is

()= () ()
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Problem 5, continued. We are considering the van der Pol system.
c. [5 points] Suppose that the system you obtained in (b) is 2’ = —apux —y, ¥’ = z. For
what value or values of ag will the phase portrait for this system have only one straight-line

of solution trajectories? No straight-line trajectories? Explain.

Solution: There is a single straight-line solution if the coefficient matrix has a repeated
eigenvalue, and no straight-line solutions if the eigenvalues are complex. Here, eigenvalues
are given by

det(< iua(lJ _A>)_A2+(Ma0)/\+1—()\+2MG0)2+1—4M2a(2)—0.

This gives A = —%uao + %\ / % ,u2ag — 1. Thus, there will be a single straight-line solution
if ag = :l:%, and no straight-line solutions if |ag| < %, so that a3 — 1 <0.

d. [4 points] When ay is picked so that there is a single straight-line of solution trajectories in
the phase portrait for this system, give an initial condition that will result in a straight-line
trajectory in the phase plane.

Solution: This is when ag = i%, so that A\ = —%lﬂlo =F1. If a9 = %, the eigenvec-
-1 -1 1
tor satisfies the equation < 1 1 ) <Zl> = 0, so that v = < 1). Thus any initial
) _
condition on the line y = —x will converge along that line to the origin.
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