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5. [14 points] Consider the initial value problem y” + 4y’ + 4y = 9¢~2, y(0) = 1, 4/(0) = 0.

a. [6 points] Solve the problem without using Laplace transforms.

Solution: We first note that with y = e, the characteristic equation for the comple-
mentary homogeneous solution is A% + 4\ +4 = (A +2)2 = 0. Thus A = —2, repeated,
and y. = cre 2 4+ cote2t.

For the particular solution, we therefore guess y, = at*t~*, so that y, = 2ate™? —
2at?e~2!, and y]’g’ = 2ae~ %" — 8ate 2! + 4at’e~?. Plugging in, we have

2ae % — 8ate % + dat’e? + 4(2ate % — 2at’e ") 4 dat’e™H = 9,

so that a = %. Thus the general solution is

9
Yy = clefzt + Cgt€72t + 515267%.

Applying the initial conditions, y(0) = ¢; = 1, and ¢/(0) = —2¢; + 2 = =2+ c2 =0, so
that c¢g = 2. The solution is therefore

9
y=e 2 42t + 515267%.

b. [8 points] Solve the problem with Laplace transforms.

Solution: We transform both sides of the equation to find, with Y = L{y},

9
Y —s+4sY —4++4Y = ——|
s+ 2
so that Y = ﬁ + ﬁ. The easiest way to find the inverse transform is to rewrite
Y solely in terms of s + 2:
(s+2)+2 9 1 2 9

(s +2)2 +(s+2)3 _s+2+(s+2)2+(s+2)3’

so that (applying for the second and third the rules for F(s —¢) and 1/s™)
—2t ot 92
y=e 4 2te "+ 5 te .

We can also find the inverse transform of the first by using partial fractions and letting
ﬁ = i—‘)? + (5‘1175)2. Clearing the denominator, s +4 = Ag(s+2) + Ay, so that A4g =1
and A; = 2. Thus

1 2 9

st2 5122 Tt

and the inverse transform is as before.
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