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3. [16 points] For ¢ > 0, consider the differential equation L[y] = y” — 3t~ 1y — 5t~ 2y = 0.

a. [4 points] Determine which of 43 = t71, yo = 1, y3 = ¢, y4 = #, and y5 = ¢

solutions to L]y] = 0.

5 are

Solution: Note that ys =t~ 1 +t° = y; + ys, so, because the operator is linear, y4 will
be a solution if y; and y5 are. Plugging in, we see that

Lip]) =2t 43t —5t7% =0, Lly] =0—0—5t"2#0
Llys] =0—3t"1 —5t71 £0, and Llys] = 20t® — 15¢3 — 5¢3 = 0.

Thus y1, y4, and y5 are solutions.

b. [4 points] Write a general solution to L[y] = 0. Explain why your solution is correct.

Solution: We need two linearly independent solutions to write a general solution, and

t=b
W[y17y5] = —t_2 5t4

general solution is

= 6t3 # 0 (for t > 0), so they are linearly independent. A

Y = clt_1 + 02t5.

c. [4 points] If you were solving L[y] = 5t°, what forms could the particular solution take
(that is, what could you guess for y,)? Why?

Solution:  This is a non-constant coefficient problem, so we do not expect that the
method of undetermined coefficients will work. (With some effort, we could come up
with a polynomial guess that will work, but this doesn’t follow the rules we have for the
method.) Therefore, it makes best sense to use variation of parameters. The form of the
solution is then y, = u (£)t™1 + ua ()17

d. [4 points] Find y,.

Solution: We know that t~1u) + tPul, = 0, and —t—2u} + 5ttul, = 5t°. The first gives

u} = —tSuh, so, plugging into the second, 6t*u} = 5t°. This gives u) = 2t, so uj = —2t".
Integrating, uq = —%ts and ug = 15—2252. Thus
5 8,-1 9 2,5 _ 9 7
=Sl 225 = 2T
TR T 16

If we memorized the formula for variation of parameters, we have (recalling that Wy, y2] =

6t3)
%:4*/Q?§%ﬁ+ﬁ/@2§ﬂﬁ

:-%‘i/5tﬂu+ti/5tm::5t7
6 6 16

(where we have used the fact that the two integrals are exactly those we just calculated
above).
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