MATH 116 — PRACTICE FOR EXAM 3

Generated April 26, 2026
UMID: _ SOLUTIONS INITIALS:

INSTRUCTOR: SECTION NUMBER:

1. This exam has 16 questions. Note that the problems are not of equal difficulty, so you may want to
skip over and return to a problem on which you are stuck.

2. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

3. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

4. You are allowed notes written on two sides of a 3" x 5" note card. You are NOT allowed other resources,
including, but not limited to, notes, calculators or other electronic devices.

5. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

6. Problems may ask for answers in exact form. Recall that z = V/2 is a solution in exact form to the
equation 2 = 2, but x = 1.41421356237 is not.

7. You must use the methods learned in this course to solve all problems.



Semester | Exam | Problem | Name Points | Score
Fall 2019 3 3 10
Fall 2024 2 11 12
Winter 2025 3 7 10
Fall 2024 3 10 9
Winter 2018 1 5 sandbag 9
Winter 2025 3 1 boat 13
Winter 2024 3 2 Maria Luisa 12
Fall 2018 3 4 butterfly 9
Fall 2024 3 4 14
Fall 2025 3 1 9
Fall 2020 3 1 giraffe 7
Winter 2025 3 4 chocolate 6
Winter 2024 2 5 14
Winter 2022 3 1 movie ratings 13
Winter 2024 2 4 Plaque Man 11
Fall 2021 3 9 ice cream 7
Total 165

Recommended time (based on points): 184 minutes
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3. [10 points] The Taylor series centered at 3 for a function g(x) is given by

(1) (x — 3)2
SS9

n4n
n=1

a. [5 points| Determine the radius of convergence for this Taylor series. Show all work.

Solution: Let a, = %(x —3)?". Then we will find the radius of convergence by applying

(o.¢]
the ratio test to Z Qp,.-

n=1
1 |z — 3|2n+2
lim [ 1] = lim (nt1)an™?
n—oo |ay,| n—o00 e
n
= — 3/?
oo 4(n + 1) o= 3|
1
= —|x — 37
1o =3

This is less than 1 when |z — 3|2 < 4, or, equivalently, when |z — 3| < 2. This means that

oo
Z a, converges when |z — 3| < 2, and the radius is 2.
n=0

Radius: 2

b. [2 points] Which of the following best describes the concavity of g(x) at x = 37 Circle the
one best answer. No justification is necessary.
Concave Up ]CONCA\/E DownN NEITHER ~ CANNOT BE DETERMINED

c. [3 points] Find g(1910)(3).

Solution: Using the formula for Taylor series, we know that the degree 1010 term will be

9(1010) (3)
T (z — 3)1919 With the formula we’ve been given for this problem, we see that the

|
1010! (31010
degree 1010 term happens when n = 1010/2 = 505, and will be E05 . 4505 Therefore
(1010)(3) (o — 31010 _ —(z — 3)1010
1010! 505 - 4505
g(l(]lO) (3) _ 1
1010! 505 - 4505
1010!
1010 _
9" = 555 g
1010!
g(lolo) (3) — 505 - 4505

© 2019 Univ. of Michigan Dept. of Mathematics (Creative Commons By—-NC-SA license) Fall, 2019 Math 116 Exam 3 Problem 3 Soll
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11. [12 points]
a. [7 points] Determine the radius of convergence for the following power series. Show all of your
work. You do not need to find the interval of convergence.

- (2n)! n
2 107 (n!)(n + 1)!"”2

n=1

Solution: We use the ratio test:

: (2(n 4+ D)2+ 107 (n!)(n + 1)!
= lim :
n—o0 107+ (n + 1)!(n + 2)! (2n)!|z2"|
_ lim (2n+2)(2n+1) 122
n—oo 10(n + 1)(n + 2)
4n? 2

= lim |z
n—oo 10n2

4,9
E’~T|

An+1
an

lim

n—oo

4
The ratio test tells us the power series converges when this value is smaller than 1, i.e. 0 !xz} <

10
1. Rearranging, we see that this implies ]az\Q < <4>, which tells us that the radius of

10

convergence is R V10
Answer:

2

b. [5 points] No justification is needed for the remainder of this problem. Suppose that the following
is true about the sequence C), which is defined for n > 0:

e (), is a monotone decreasing sequence of positive numbers which converges to 0.

o
C
e The power series Z 4—:(33 — 16)™ has radius of convergence 4.

n=0

oo
C
What is the center of the interval of convergence of Z 4—2(90 —16)"7?

n=0

Answer: 16

o0
C
What are the endpoints of the interval of convergence of Z 4—:(37 —16)"7

n=0
Answer: Left endpoint at ¢ = 12
Right endpoint at d = 20
Let ¢ and d be the left and right endpoints of the interval of convergence you found above.
Which of the following could be the interval of convergence of i %(w — 16)"? Circle all
correct answers. "
(c,d) (¢, d] [c,d) e, d]

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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7. [10 points] Consider the function

g(x) = écos(xz) — zsin(x).

a. [ points| Give the first three non-zero terms of the Taylor series of g(x) centered about x = 0.
Show all your work.

Solution: Using the Taylor series expansion of cos(y) with y = 22 about # = 0, we obtain

xt 28

2 f— R — _—
cos(z”) =1 51 + 1

1
Therefore, the Taylor series of 3 cos(z?) about z = 0 is

1 (22) 1 1 x4+x8 1 :c4+:1:8 1 4+x8

— coslx — — - - —_ - — e e — — -

3 3 20 4l 3 3-20 3.4 3 6  3-4!
The Taylor series for sin(z) about x = 0 is given by

3 b
Sln($>:$—§+§—---
Hence, the Taylor series of zsin(x) about x = 0 is
. B 3 ad oozt af
zsin(z) =z x—g—f—a—"' —x—g—i-a—

1 5 b
Answer: prainit! Ailiroraiin nibdd
3 51

b. [5 points] The function g(z) has a continuous antiderivative, G(x), with a Taylor series that
converges for all z. Given that G(0) = 8, find the first four non-zero terms of the Taylor series
for G(x) centered about = 0. Show all your work.

Solution: The Second Fundamental Theorem of Calculus implies

Clz) = /Oig(t) dt +8.

Using the Taylor series expansion of g(t) from part a, and integrating term by term, we obtain
the Taylor series expansion of G(z) about z = 0:

:(:1 x xtﬁ
G(x)—8—|—/ dt—/ 2dt— [ =dt+---
0o 3 0 o 9!

_gpr_w o al
N 3 3 7.5
X 1'3 1E7
Answer: 8+ - —— =+
5} 5] (0!

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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10. [9 points] The parts of this problem are unrelated. No justification is required for your answers.

a. [3 points| Which of the following could be the value of a if

2 4 6 8
1_4i+16a (20 +(2a) _“.:1?

2! 4] 6! 8! 2

Circle all options which apply.

i.a=0 iv. a = vii.a=m
2
pos 27
ilaz T V.a = — viii. NONE OF THESE
6 3
5%
. )
e vi.| a = —
il. a = —
3 6

b. [3 points] A graph of a function y = f(x) is sketched below.

f(z) /,\\
2 1 \\/f/

Suppose that for some constant b, the Taylor polynomial of degree 3 for f(z) around = = b is
given by P3(z) = 4 — (z — b) + 2(x — b)? — 3(x — b)3. Which of the following could be the value
of b7 Circle all options which apply.

i.|b=1 iii. b= 3 v.b=25

ii.b=2 iv.b=4 vi.b=6

c. [3 points] Which of the following is the Taylor series approximation around z = 0 to

z 2
/ et dt?
0

Circle the one best option.

o0 "L‘n
i. 0 iv. Z
|
= 2(n!)

% .2n > p2ntl
i > vy "
n=0 v n=0
[ vi. S
11 Z nl — nl(2n+1)
n=0 n=0

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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5. [9 points] Tammy Toppel is directing a performance art piece at the community center. She
fills a large cone with sand and cuts a small hole in the bottom. Gerd Homf was hired from
a temp agency to stand behind the scenes and steadily lift the cone with an elaborate pulley
system, letting the sand slowly spill onto the stage.

a. [2 points] The filled cone starts with a total mass of 40 kilograms and spills sand at a
constant rate of 1/2 a kilogram per second once it is lifted. Tammy wants Gerd to lift
the cone at a constant rate of r meters per second. Find a formula for the mass M (h), in
kilograms, of the cone when it is h meters above the stage.

Solution: The relation between the height h of the cone and time ¢ is h = rt, where r
is the rate at which Gerd lifts. So t = h/r. The mass as a function of time is given by
40 — %t, hence

h

b. [4 points] Gerd lifts the cone until it reaches a height of 20 meters above the stage. Write
an integral which represents the work (measured in Joules) done by Gerd while lifting the
cone. The integral may include the rate r at which Gerd lifts and g the acceleration (in
m/s?) due to gravity.

Solution: The work done by Gerd lifting the cone to a height of h is given by
20 20 h
/ gM(h)dh:/ g<40—> dh
0 0 2r

c. [3 points] There’s one catch: Gerd’s contract strictly prohibits him from exerting more
than 500¢g Joules of work, where g is the acceleration due to gravity. At what rate r (in
m/s) should Tammy ask Gerd to lift in order to not violate his contract and to get the
cone lifted as quickly as possible?

Solution: We set the integral from the previous part equal to 500g and solve for r.

20 h
500g = / g <40 — ) dh
0 27"

h2 20
= ( 40gh — —
< g 47’)0
400
=800g — — —0
4r

Dividing both sides by g and multiplying by r we have

1
5007 = 8007 — 100 = r = 3

Answer: r = 1/3

University of Michigan Department of Mathematics Winter, 2018 Math 116 Exam 1 Problem 5 (sandbag) Solu
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1. [13 points| Caroline uses a remote-controlled boat to survey a reservoir. The boat starts at the point
(z,y) = (0,0), and after t seconds is positioned at z = f(t) and y = g(t). A graph of f(¢) and a
formula for ¢(t) are given below. Note that f(¢) is linear on the the intervals [0, 3], [5, 7], and [7, 10],
and has a local maximum at ¢t = 4.

1w
3
2
1| 7 7r
‘ g(t) = 12 cos (—t) —12
2
1 2 4 7 ( 7T /3 ) 10
-1
-2

For each of the following parts, your final answer should not include the letters f or g.
a. [2 points] Where is the boat located after 10 seconds?

Solution: At t =10, we have x = f(10) = 4 and y = ¢(10) = 12cos(bm) — 12 = 12(—1) — 12 =
—24.

Answer: = 4 and y = —24

b. [3 points] Are there any times during these 10 seconds at which the boat comes to a complete
stop? If so, list all such times. If not, write NONE.

Solution:

To find when the boat comes to a complete stop, we look for times when both f’(¢¥) = 0 and
g'(t)=0.

Since f(t) has a local maximum at ¢ = 4, it follows that f/(4) = 0, and we observe that this is
the only value of ¢ for which f’(t) = 0. Furthermore, since

g'(t) = —67sin (gt) ,

we have ¢/(4) = —67 sin(27) = 0.
Therefore, the boat comes to a complete stop only at t = 4.

Answer: = 4

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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c. [4 points] Write an expression involving one or more integrals for the total distance traveled by
the boat during the first 3 seconds. Do not evaluate any integrals in your answer.

Solution: Computing the slope of the line z = f(t) for 0 < ¢ < 3, we note that
, 2

Additionally, we have
/ .l
g (t) = —67sin <§t) :

Therefore, the total distance traveled by the boat during the first 3 seconds is given by

/03 \/(2)2 + (~6rsin (%t))th.

3 /4 T
= 2ain2 (2
/()\/9+367r sin <2t>dt.

d. [4 points] What is the tangent line to the boat’s path at ¢ = 97 Give your answer in cartesian
form.

Solution: Note that

Answer:

f9) =2, and 9(9) = 12cos (9;) — 12 =—12.
Also,

dz , 4—(=2) 6 dy
_— g = —_— = = = 2 =
at| FO =gz =3=2 =d g

9
= ¢'(9) = —6msin <27r> = —67.

t=9
Therefore, the equation of the tangent line to the boat’s path at t =9 is

(v (-12) = (2 —2) = y=3n(z—2) 12

Answer: y = —3m(z —2) — 12

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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2. [12 points] In the video game Super Maria 64, sisters Maria and Luisa travel through the Lilypad
Kingdom to collect magical Rainbow Crystals. In the Sandland Desert, represented by the xy-plane,
the sisters run around collecting all the Rainbow Crystals they see.

All distances in this problem are measured in kilometers. For ¢ > 0, the sisters’ positions ¢ hours
after they start running are given by the following parametric equations:

. {x(t):t2+t—6 . {x(t):2t2—4t
Maria: Luisa:
y(t) = 2sin(mwt) y(t) = cos(5t)

a. [2 points] Find Maria’s position 1 hour after the sisters start running.

Solution: Maria’s (x,y) position at t = 1 is given by (x(1),y(1)), where for Maria, (1) = —4
and y(1) = 0.

Answer: = = —4 Yy =

b. [3 points] Find Maria’s speed, in kilometers per hour, 1 hour after the sisters start running.

Solution: Maria’s instantaneous speed at ¢t = 1 is given by /2/(1)? 4+ y/(1)2, where for Maria,
2'(t) =2t 4+ 1 and y/(t) = 27 cos(nt), so 2/(1) = 3 and /(1) = —27.

2 9. \2
Answer: 3+ (—2m)

c. [3 points] Find all times ¢ > 0 at which Luisa travels directly north (that is, not in any
northwest or northeast direction). If there is no such time, write “NONE.” Show your work to

justify your answer.

Solution: In order for Luisa to travel directly north, we must have 2/(t) = 0 and ¢/(¢) > 0,
where for Luisa, 2/(t) = 4t — 4 and y/(t) = —%sin(5t). The only value of ¢ that satisfies
#'(t) = 0is t = 1. However, 3/(1) = —F < 0, so Luisa travels directly south at the time ¢ = 1.
Therefore there are no times ¢ where Luisa travels directly north.

Answer: t= NONE

d. [4 points| Find all times ¢ > 0 at which Maria and Luisa are at the same position. If there is
no such time, write “NONE.” Show your work to justify your answer.

Solution: The sisters are at the same z-position when t? +t — 6 = 2t> — 4¢t. We solve for t:

2+t —6=2t>—4¢
0=t>—5t+6
0=(t—2)(t—23)

So, Maria and Luisa are at the same x-position when ¢t = 2 and ¢t = 3. However, observe that
Maria and Luisa are not at the same y-position when ¢ = 2 since 2sin(27) # cos(3 - 2). On
the other hand, they are at the same y-position at ¢ = 3 since 2sin(37) = cos(5 - 3). Sot =3
is the only time at which they are at the same position.

Answer: t= 3

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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4. [9 points] The polar curve r = sin(46) cos(f) for 0 < § < 7 is shown below.
Y
®

Note that there are two “large loops” and two “small loops”.
For reference, note that for this curve, % = 4 cos(f) cos(46) — sin(0) sin(40)

a. [3 points] For what values of 6 does the polar curve r = sin(46) cos(f) trace once around
the “small loop” in the third quadrant? (This portion of the curve is indicated by the

dotted line.) Give your answer as an interval of 8 values between 0 and .

to dedermone guadmnt of pomts:

Lock at Srgns of X aud
= SmYecos® l X=rcosSO j lﬁ--rSmQ»_ .~

0] it
I S + Ql
% m
LA — + - &2
s 4+
w + T —
Answer: Y 2

b. [3 points] Write, but do not evaluate, an expression involving one or more integrals that

gives the total arc length of the two small loops.

/2
Arc len =7-5 mﬁ\a

/e
LS
Answer: Arc Length = L ( J “MW@SS) * (H (,oquCOsa—Sm'ieSMQﬁle
. Yy

but do not evaluate, an expression involving one or more integrals that

c. [3 points| Write,
losed by the polar curve 7 = 2 but is outside the

gives the area of the region that is enc
curve r = sin(46) cos(6).
e\ = Lsmas)-leos Bl £ [ <2, So Hee bu&uﬁ—\é 'S contained
In He crcle o§ radiuws T. P
L (oo = 5 5 S4B Cos*D 4D
2 Z Jo

[lﬂ' - %‘ grsm"qe cos'® 39)
2]

A rece S e bu.'“(rg\c‘) =

Answer: Area =

University of Michi i
y ichigan Department of Mathematics Fall, 2018 Math 116 Exam 3 Problem 4 (butterfly) Soluti
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4. [14 points]

Delema Inventions Inc is coming up with a
design for a window. The window has the
shape shown to the right, formed from the
portion of the polar curve r(#) = 1+2sin6 9|
with y > 0.

The outer loop (shaded) is made of green
glass, and the inner loop (unshaded) is
made of blue glass. The perimeter (includ-
ing the perimeter of the inner loop, and
the base along the z-axis) is lined with a
black material. x

9 1 1 9

a. [4 points| There are four values of 6 with 0 < 6 < 27 such that y = 0 for the polar curve
r(f) =14 2sinf. Find all four values.

Solution: We have y(0) = (14+2sin0) sin 6, so y(0) = 0 exactly where sinf = 0 or 14+2siné = 0.

This happens when 6 = 0, «, %”, 117”.
7 11
Answer: 0= 0,7, &, "

b. [56 points] Find an expression involving one or more integrals for the length of black material
Delema Inventions Inc will need to build the window. Remember that this material lines the
edge of the outer loop, the edge of the inner loop, and also the base along the z-axis. Do not
evaluate your integral(s).

Solution: Let f(0) =1+ 2sinf. Then f'(0) = 2cos¥.
The outer loop is traced out as € ranges from 0 to 7, the inner loop is traced out as 6 ranges
from 7” to 11” , and the base has length 2. Altogether, the length of the black material is then:

™ 117 /6
2+ / V(1 + 25sin6)2 + (2 cos )2d6 + V(1 4+ 25sin6)2 + (2 cos 6)2d6.
0 /6
i 117/6
Answer: 2 + J/ \/(1 + 2sin 9)2 (2 COS 0)2(19 + J/ 1 + 2sin 9)2 + (2 COS 9)2(19
0 77/6

c. [5 points] Find an expression involving one or more integrals for the area of green glass (the
shaded region) which Delema Inventions Inc will need to build the window. Do not evaluate
your integral(s).

Solution: The area of green glass is the area enclosed by the outer loop minus the area enclosed
by the inner loop, which is

1 ™ 1 117 /6
/ (1+25in0)2d0—/ (1+2sin6)?dh.
2 Jo 2 )76
117 /6
Answer: / (14 2sin6)* de—f / (1 + 2sinf)* db.
Jo 2 Jr/6

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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1. [9 points] Some values of the function g(z) and its derivative are given in the table below. Suppose
that both g(x) and ¢'(x) are continuous.

x 1 1315 719
glx) | 3 |1]4] 2 |5
g(@) | -2]10]3|-1]4

Using the information given above, find the following. Be sure to show all of your work. Your

answers should not involve the letter g, but you do not need to simplify them.
2

a. [3 points| Suppose F(z) = / g(t) dt. Find F'(3).
1

Solution: By the Second Fundamental Theorem of Calculus, combined with the Chain Rule,
F'(x) = 229(a)

SO

F'(3) =2-3-g(9) = 30.

Answer: 30

b. [3 points] Find lim Sln(z) +g(z) -3
z—

z—1
Solution: We use L’Hospital’s rule to find the limit.
31 -3 3
lim n(z) +9(x) 2 im =+ J(z)
z—1 x—1 =1
=3+4'(1)
=1
Answer: 1
Y g(x)
c. [3 points] Use MID(2) to find the approximate value of / T+ 23 dx. Write out all the terms
1 My

in your sum and do not attempt to simplify.

Solution: Note that the midpoints we use are 3 and 7. Then our MID(2) approximation is

4. 90 L, 90
1+ 33 1+ 73

4 n 8
1+3% 147

Answer:

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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1. [7 points] At a wildlife sanctuary, Diego fills the giraffes” water bowl at a constant rate of 0.5
gallons per minute. The rate in gallons per minute at which the giraffes drink from the bowl,
t minutes after 8am, is given by r(t). Suppose there are 12 gallons of water in the bowl at
10am.
a. [3 points| Write an expression possibly involving one or more integrals for the amount of
water, in gallons, the giraffes drink between 9am and noon.

Solution: The rate that the giraffes drink water is given by r(¢), and so the total amount
they drink from 9am to noon is given by

4(60) 240
/ r(t) dt = / r(t) dt.
60 60

b. [4 points] Write an expression possibly involving one or more integrals for the amount of
water, in gallons, in the bowl at 8am.

Solution: The volume of water in the bowl at 10am is 12 gallons, and so subtracting
the change in volume between 8am and 10am will give the amount of water in the bowl

at S8am.

The water is added to the bowl at a rate of 0.5 gallons per minute, and removed at a
rate of r(t) gallons per minute, and so the rate of change of volume of water in the bowl
is 0.5 — r(t) gallons per minute. Therefore, the amount of water, in gallons, in the bowl

at 8am is:

2(60) 120 120
12 — / 0.5 —r(t) dt =12 — / 0.5 — r(t) dt = / r(t) dt — 48.
0 0 0

Fall, 2020 Math 116 Exam 3 Problem 1 (giraffe) Solution
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4. [6 points]

Mike owns Mike’s Sweet Haven, a bakery
that specializes in elegant, custom-made baked 2
goods. With summer approaching, he decides
to try something new. 4—y

He plans to create a new type of chocolate using
the shaded region C', which is bounded by the C

curves T

—_

4 o2
x:Ty, and z = 0.

as illustrated to the right.

a. [4 points] Write an expression involving one or more integrals for the volume of the chocolate
obtained by revolving the region C' about the y-axis. Do not evaluate any integrals in your
expression.

Solution:  We use horizontal slices to solve this problem. Consider a thin horizontal slice
of region C', located y units above the z-axis, with a small thickness Ay. When this slice is
rotated about the y-axis, it forms a disk. The inner radius of the disk, denoted by r, is given

by

4 — 2

r =
2

The approximate volume of this disk is

4—y?)A

7T7"2Ay — 7T( Y ) y
4

By integrating from y = —2 to y = 2, we obtain the total volume of the chocolate:

2 2
V:/ =y,
5 4

b. [2 points] If Mike were to take a TRAP(4) estimate of the integral you obtained in part a., would
he get an underestimate or an overestimate of the volume of the chocolate? No justification is
required.

Circle one: Underestimate Overestimate

@2025 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License
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5. [14 points]
a. [7 points] Determine whether the following improper integral is convergent or divergent.
Fully justify your answer including using proper notation and showing mechanics of any
tests you use. You do not need to compute the value of the integral if it is convergent.

Circle your final answer choice.
oo 4 :
/ +351n(a:) s
1 2 + 2

Clircle one: Divergent

Solution: Note that 4 is larger than sin(x) for all x, and also 2> dominates 2 for large x. Our
intuition tells us that, for sufficiently large =,

4+sin(z) 4

+2 g3

[o.¢]

4

Since / —5 dx converges, we expect the original improper integral to converge. We now need
x

to make this reasoning rigorous.

Note that —1 < sin(z) <1 and 2® + 2 > 23 for all z > 1. This shows that

g Atsin@) A+l A+ 5 st

- o342 T 3427 a3 x3

o0
)
By the p-test (p = 3), the integral / — dx is convergent.
1

23
°° 4 4 sin(z)

Therefore, by the comparison test, the integral / “Pi2 dx is convergent.
1 x

b. [7 points] Let 0 < p < 1 be a real number, and consider the improper integral

The integral above converges; to show this, compute its value. Your answer may involve p.
Be sure to show your full computation, and be sure to use proper notation.
Remember: 0 < p < 1.

Solution: To evaluate this integral, we use proper notation and the substitution w = In(t), so

1
that dw = n dt, and so

3 3 m(3)
/ ————dt = lim ————dt = lim — dw
1 t(In(t))P a1t J, t(In(t))? a—1% Jin@e) wP
) (wl—p 1n(3)>
= lim
a—1+t \ 1 — plin(a)

1-p 1-p 1-p
— lim In(3)"?  In(a) _ In(3) '
1-p I—p 1-p

a—1t

(Note that In(1)177 = 0, as opposed to being undefined, since 0 < p < 1 means that 1 —p > 0.)

31 In(3)'7
Answer: / ——dt = —
1 t(In(t))P I—p

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License




Math 116 / Final (April 22, 2022) page 2

1. [13 points] Universe of Movies (UofM) is a new online movie rating database, which assigns
movies a rating from zero to five stars. The star ratings for each movie are not necessarily
integer values. The following probability density function gives the distribution of star
rating, t, for the films in the UofM database.

0 t<0
t
Log<t<3

p(t) =15 5o i<s
Lo3<t<
0 5<t

a. [6 points] Write a formula for the corresponding cumulative distribution function, F(t).

0 t<0
2
12 0<t<3
F(t) =
2 39
64+64 3<t§5
1 5<t

b. [3 points] What is the median number of stars for the films in the online database? Be
sure to show any work.

Solution: From finding the CDF in a), we know that f03p(t)dt = .75 so the median is

M ¢ _ M?
tdt =

in [0,3]. Therefore, we just need to solve [; G5 = -5 which when solved tells us

0
that M = /6

M=16

Answer:

c. [4 points] Write, but do not compute, the formula for the mean number of stars for the
movies in the UofM database. Write out formulas of all functions you use, i.e. do not
include p or F' in your answers.

3 t2 5 t2
—dt + —dt
Answer: A 6 3 932




Math 116 / Exam 2 (March 25, 2024) page 7

4. [11 points] Zach is playing the retro video game Plaque-Man all day to get a new personal high
score. Zach starts playing the game with 0 points. Over the course of each hour, Zach scores an
additional 2500 points. At the beginning of every hour, Zach trades 20% of his points to buy extra
time. For n > 1, let H,, be Zach’s score at the end of the nth hour of playing the game.

For example, H; = 2500.
a. [4 points] Write expressions for Hy and Hs. Your answers should not involve the letter H. You
do not need to simplify your expressions.

Solution: By definition, H,, is Zach’s score at the end of the nth hour. At the beginning of
the (n + 1)th hour, Zach trades 20% of his points to buy extra time, so he has 0.8H,, points
at the beginning of the (n 4 1)th hour. Over the course of the (n 4+ 1)th hour, Zach gets 2500
more points, so at the end of the (n + 1)th hour, Zach’s score is Hy,4+1 = 0.8H,, 4+ 2500. Since
Hy = 2500, we can use this recursive formula to write expressions for Hy and Hg, shown below.

Hy = 2500(0.8) + 2500

Hy = 2500(0.8)2 + 2500(0.8) + 2500

b. [4 points] Write a closed-form expression for H,. Closed-form means your answer should not
include ellipses (...) or sigma notation (3 ), and should not be recursive. You do not need to
simplify your closed-form expression.

Solution: Continuing the pattern above from our expressions of Hy, Hy, and Hs, we find that
H,, = 2500(0.8)""! + ... 4+ 2500(0.8)% + 2500(0.8) + 2500.

This is a finite geometric series. Recall the formula for the sum of a finite geometric series:

-1 _ a(l —z")

1—2x

) x # 1.

a+ar+ar®+---+az"

In the context of this problem, a = 2500 and x = 0.8, so we obtain our answer.

2500(1 — 0.8™)

Answer: H, = 1-038

c. [3 points] Find Zach’s eventual score if he keeps playing Plaque-Man indefinitely. You do not
need to simplify your numerical answer.

Solution: Zach’s eventual score is found by taking a limit of the sequence H,, as n — oo:

2500(1 —0.8") 2500

A Hy =l = = 75 ~ 1200
Therefore Zach’s eventual score will be 12500.
Answer: 12500

@2024 Univ of Michigan Dept of Mathematics
Creative Commons BY-NC-SA 4.0 International License



Math 116 / Final (December 14, 2021 ) page 11

9. [7 points] Emily is transporting a chocolate ice cream cone up 1 story of East Hall to her
friend. However, there is a hole in the bottom of the cone and ice cream drips out in a steady
stream.

The mass of the cone is 200 grams and there are initially 100 grams of ice cream in the cone.
The ice cream drips out at a rate of 4 grams/sec. Emily spends 10 seconds raising the cone at
a constant rate of 0.5 m/sec to reach her friend.

a. [3 points] What is the total mass in grams of the cone and the ice cream in the cone when
Emily has lifted it a vertical distance ¢ m?

Solution: When Emily has lifted the cone a vertical distance of ¢ m, she has lifted for
2¢ sec. Therefore, 8¢ grams of ice cream has dripped out of the cone. The cone and ice
cream start at 300 grams.

Mass = 300 — 8¢ grams

b. [4 points] Write, but do not evaluate, an integral that represents the total amount of work
(in grams m?/sec?) done by Emily lifting the cone filled while the ice cream drips. You
may assume the acceleration due to gravity is g =9.8 m/sec?.

Solution: The work to lift the rocket between ¢ and ¢ + A¢ m is
AW = 9.8(300 — 8¢)Al.

Hence, the total work is below.

5
/ 9.8(300 — 8¢)d¢
Work = 0

grams m? /sec?



